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When studying the third law of thermodynamics for an infinite system, 
or properties of equilibrium states of such a system (see [3]), one is led to 
consider the effect of local perturbations. 
If  &’ is the C* algebra of a system and A is a finite region in Z3 then in an 
obvious notation 
Local perturbations may be defined in various ways, e.g., as positive linear 
maps T: JZ? + JZZ satisfying T(1) = 1 and one of the following two conditions 
(i) T(l@Y)=l@YforallYE&Ac, 
(ii) T(X@Y)=T(X@l)l@YforallX~.~&andY~~&c. 
It also makes sense to restrict the definition to completely positive maps [2]. 
It is therefore of interest to know whether the various definitions are equivalent. 
‘That (“) ’ pl’ (‘) 11 im ies 1 is obvious. It is also clear that, for nontrivial infinite systems, 
(ii) implies that T is completely positive. It turns out that the slightly surprising 
implication (i) * (ii) holds, and is a special case of a more general result about 
positive maps of C* algebras, which we now state. 
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THEOREM. Let d be a C* algebra with identity, 39 a C*-subalgebra of & 
with 1 E 2, and 2? the relative commutant of .4? within &‘. Let T be a positive 
linear map on &’ such that 0 < B E a implies 
Then T(V) C %? and 
0 < T(B) < B. (1) 
T(BC) = BT(C) (2) 
for all B E 3? and C E V??. 
Proof. We first assume that LGY is norm generated by its projections. If  
CE%‘satisfiesO < C < 1 andPEasatisfiesP = P2 = P*thenO <PC <P 
so 
Therefore 
0 < T(PC) < T(P) < P. 
0 = (1 - P) T(PC) = T(PC)( 1 - P). 
Subtracting the similar equation 
we obtain 
0 = PT((I - P)C) = T((1 - P)C)P 
0 = T(PC) - PT(C) = T(PC) - T(C)P. 
It follows that 
T(PC) = PT(C) = T(C)P. (3) 
Since the linear span of positive bounded elements of V is norm dense in 97, 
and the projections span a norm dense subspace of 9, Eq. (3) implies Eq. (2) and 
T(V) C V. 
We prove the general case by passing to the universal enveloping algebra. 
Then a:** is a sub-W*-algebra of &** and T** is an ultraweakly continuous 
positive linear map on &**. Since every nonnegative element B of g** is an 
ultraweak limit of nonnegative elements of 9 we see that 0 < B E @** implies 
0 < T**(B) < B. 
Applying our special case proved above we deduce that Eq. (2) holds whenever 
B E 97 C LB** and C E J%’ n (g**)’ = &’ n 9?“, where ’ refers to the cornmutant. 
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Notes. (i) I f  JY = g then maps T satisfying Eq. (1) are order bounded 
in the sense of [l, p. 1591. For this case our result was obtained in a much 
more general context by Alfsen and Anderson [l, p. 1591 and Wils [4]. 
(ii) I f  STZ = .T% @ V where ~8 contains an n x n matrix subalgebra, then T 
is uniquely determined by its restriction to V, which is necessarily n-positive. 
Note added in proof. We should like to thank E. Starmer for pointing out that an 
alternative proof of our theorem may be based on Corollary 1 of [5]. 
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